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ABSTRACT: We calculate one-loop scattering amplitudes in M = 4 super Yang-Mills theory away 
from the origin of the moduli space and demonstrate that the results are extremely simple, in much 
the same way as in the conformaily invariant theory Specifically, we consider the model where an 
SU(2) gauge group is spontaneously broken down to U(l). The complete component Lagrange 
density of the model is given in a form useful for perturbative calculations. We argue that the 
scattering amplitudes with massive external states deserve further study Finally, our work shows 
that loop corrections can be readily computed in a mass-regulated M = 4 theory, which may be 
relevant in trying to connect weak-coupling results with those at strong coupling, as discussed 
recently by Alday and Maldacena. 
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1. Introduction 

The Lagrange density of M = 4 super Yang -Mills theory was first written down long ago [1] and, 
shortly thereafter, the first one-loop scattering amplitude in the model was calculated [2]. Since 
then, such scattering amplitudes have been extensively studied by many groups (see e.g. [3, 4]). 
M = 4 SYM, however, has non-trivial dynamics [5]. The theory possesses a moduli space of vacua 
parametrized by the vacuum expectation values (VEVs) of the three scalar and three pseudo-scalar 
fields in the model. It should be stressed that, in going to a generic point in the moduli space, the 
M = 4 supersymmetry will be preserved, but the gauge group of the theory will be spontaneously 
broken. The theory described in [1] is the conformal phase of M = 4 SYM, where all the VEVs 
are equal to zero. So far, scattering amplitudes away from the origin of the moduli space (for states 
in the Coulomb phase of the theory) have received relatively little attention. 

M = 4 SYM is a very special four dimensional quantum field theory and, consequently, its 
S-matrix has several unusual properties. We begin by reviewing the interesting features of weak- 
coupling perturbation theory in the conformal theory. The field content of the model consists of a 
gauge field A^, four Majorana fermions ipi, three real scalars X p , and three real pseudo-scalars Y q . 
All fields are in the adjoint representation of a compact gauge group, G. In this work, we choose 
G = SU{2) for simplicity. In this case, a generic field, (ft, may be written in terms of its color 
components as = a a , where a a are the usual Pauli matrices. The Lagrange density of M = 4 
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is given by [6] 1 

C = -trj^F^F^ + V^7M + D^XpD^Xp + D»Y q DpY q (1.1) 

+ [^p, V'j] - g^iibPlj [Y q , 

-£([X l ,X k ][X l ,X k ] + \Yi ,Y k }[Y h Y k }+2 [X t , Y k ] [X t , Y k 
where the 4x4 matrices oP and (3 q are given by 2 

(1.2) 




Once the gauge group and coupling constant g are fixed, the theory is uniquely specified. 

It is by now well known that N = 4 SYM scattering amplitudes are ultraviolet-finite [8, 9, 
10, 11, 12]. A modern characterization of UV finiteness in gauge theories with references to the 
older literature is found in [13]. In the conformal phase, all the external legs in a given scattering 
process are massless. In general, one-loop scattering amplitudes in massless quantum field theories 
may be written in terms of a basis consisting of certain bubble, triangle, and box scalar Feynman 
integrals with clusters of subsets of the n external momenta exiting each vertex[14, 15, 16, 17]. In 
N = 4 SYM a direct calculation of the effective action shows that the n-gluon one-loop scattering 
amplitude can be written in terms of scalar box Feynman integrals only. [3, 18] 

This result is somewhat surprising, even in view of the fact that in N = 4 SYM scattering 
amplitudes all UV divergences must cancel. Scalar box and triangle integrals with no internal 
masses have divergences, but only in the infrared, whereas the scalar bubble integral with no inter- 
nal masses has only an ultraviolet divergence. Thus, we would naively expect the one-loop n-gluon 
amplitude to contain both boxes and triangles. It turns out that this naive expectation is wrong and 
all the scalar triangle integrals cancel out as well. By deriving the N = 4 analog (see [19]) of the 
well known M = 1 supersymmetric Ward identities [20, 21, 22] and applying them to the n-gluon 
scattering amplitudes, it can be shown that a much larger class of M = 4 amplitudes must be pure 
scalar box integrals as well. In particular, all four-point and five-point amplitudes fall into this 
category. 

A natural question is how much of this interesting structure is preserved when we go to the 
Coulomb phase of the theory. There the situation is somewhat different because, in the Coulomb 
phase, we must distinguish scattering amplitudes which have only massless external states from 
those that include some states from massive sector of the theory. Before dicussing this, let us 
specify a convenient point in the moduli space to study. We give the scalar X\ a vacuum expectation 
value of | 03: 

(Xj) = V - a 3 . (1.3) 



'The Lagrange density given in [6] is a superset of that for M = 4 SYM reproduced here. [6] follows [7], but corrects 
several misprints which exist in that reference. 
2 o"o is the 2x2 identity matrix. 
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Giving the X\ a VEV in the prescribed manner has several consequences. The gauge group 
SU(2) is spontaneously broken to U(l) and the SU (2) gauge multiplet of N = 4 is broken up into 
a U{1) gauge multiplet of N = 4 and a massive vector multiplet of N = 4 charged under the U(\). 
In the case of a spontaneously broken SU{2) symmetry, there is nothing special about the choice 
we made for the VEV of X\. This is because the symmetry breaking pattern SU(2) — > U(l) 
is unique. For more complicated gauge groups, it is possible to obtain more than one symmetry 
breaking pattern. 

The U{\ ) gauge multiplet is composed of the unbroken U(l) gauge field, , the four Gold- 
stone spinors of superconformal symmetry (all four superconformal symmetries are spontaneously 
broken), tpf, the five Goldstone bosons of R-symmetry (the R-symmetry is spontaneously broken 
from SO(6) with fifteen generators to 50(5) with ten generators [5]), {X$, X$, Y?, Y 2 °, Yg }, and 
the Goldstone boson of dilatations, X®. The massive vector multiplet is composed of a complex 
vector boson, A^, four Dirac spinors, ipf, and five complex scalars, {X^ 1 , X^, Y^ 1 , Y 2 ± , Y^}. 
Each of these complex fields acquires a mass squared m? = g 2 v 2 after spontaneous symmetry 
breaking. 

Though it is not obvious, there is evidence that each of the noteworthy properties that the 
M = 4 S -matrix possessed in the conformal phase carries over to the Coulomb phase. That the 
scattering amplitudes are still free of UV divergences follows from the arguments in [13]. Whether 
the scattering amplitudes are all expected to be pure scalar box is still somewhat speculative. It 
was, however, shown fairly recently [23] that the complete low energy effective action of SU (2) 
AT = 4 SYM broken to U(l) is consistent with the amplitudes being pure box. This was done via 
an N = 2 superspace calculation, where [23] allowed for background hyper-multiplets as well as 
background gauge multiplets. It should be stressed that the results of [23] do not constitute a proof 
that the Coulomb phase amplitudes are pure box, since the effective action obtained in [23] is only 
valid if all Mandelstam invariants are small relative to m. 

In fact, to the author's knowledge, the work of [23] is the first paper which attempts to treat 
the complete SU(2) — ► U(l) N = 4 model; the other known treatments [24, 25] focus on the 
massless sector of the spontaneously broken theory. Of these works, only [25] attempts to compute 
a scattering amplitude. They calculate the four X® one-loop amplitude in the Af = 1 supergraph 
formalism. The superspace approach is not well-suited for calculation of four-point functions, due 
to the fact that is not straightforward to see the underlying simplicity of results obtained in this way 
(see e.g. [26]). It should be stressed, however, that the spirit of their calculation was quite prescient. 
The primary motivation of [25] was to study N = 4 supersymmetric scattering amplitudes with the 
IR divergences regulated in a natural way. Introducing a mass-regulator via spontaneous breaking 
of gauge symmetry is actually one of the methods by which Alday and Maldacena [27] regularized 
the IR divergences of the four-point gluon scattering amplitude in M = 4 at strong coupling. 

Another interesting paper [28] rederives, in a slightly different context, the well-known result 
[20, 21] that the massless sector of our model should have exactly the same supersymmetric Ward 
identites between scattering amplitudes as conformal N = 4. The authors of [28] point out that 
useful supersymmetric Ward identities must still exist when some of the external scattering states 
are massive. In fact, such Ward identities have already been applied to relate amplitudes with 
massive quarks to known amplitudes with massive scalars [29]. 

In this work we calculate a number of four-point one-loop scattering amplitudes in the 
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SU(2) — > U(l) N = 4 model. We examine both the case where all the external legs are massless 
and the case where some of them are massive. In particular, we provide evidence that the scattering 
amplitudes with massive external states are, in fact, pure box. We focus on how the symmetries of 
our model constrain the answers obtained and, in some cases, allow us to relate distinct scattering 
amplitudes to each other. Finally we explain how our four photon one-loop scattering amplitude in 
the SU(2) — > U(l) M = 4 model can be thought of as a mass-regulated, color-ordered, amplitude 
in an unbroken SU{2) J\f = 4 SYM theory. In other words, our work provides a weak-coupling 
analog of the mass regulator introduced by Alday and Maldacena [27] to compute gluon scattering 
amplitudes at strong coupling. 

The plan of this paper is as follows. In Section Two, we quantize the Lagrange density 
(Eqn. 1.1) in gauge, motivate an efficient choice of gauge for the computations we want to 
do, and address a subtlety in the Feynman rules. In Section Three, we present and discuss the 
calculation of several one-loop four-point scattering amplitudes in both the massless and massive 
sectors of N = 4 SYM in the Coulomb phase. In Section Four, we summarize our results and 
present some ideas for future work. In Appendix A, we provide the definitions of the master 
integrals we use in Section Three. In Appendix B, we provide the complete Lagrange density of 
our model expanded in a form where the Feynman rules can easily be derived. Finally, in Appendix 
C, we give the diagrammatic expansions of all one-loop amplitudes calculated in Section Three. 



2. Setup 

We employ the metric diag(— , +, + , +) and introduce the notation 

where ^ is a generic field. In order to do perturbative calculations in our model, we must perform 
i?£ quantization on the classical Lagrange density given in the previous section with the VEV of 
Eqn. 1.3 . This is a standard calculation and the details will not be shown here. We now give those 
terms which were either affected by or introduced by the Fadeev-Popov procedure. These terms 
include those that lead to the propagators for the gauge field, A^, the massive vector fields, A^, the 
Goldstone fields, Xf, the massless Higgs-like field X®, and the Fadeev-Popov ghosts {c ,^}. 
Also included are the interactions between the ghosts, Higgs, Goldstones, and gauge fields: 

Cfp-,2 = -\K(- d^d 2 + 8^{l - ^)) Al - A+( - g^d 2 + - -\ + mY")^ 

-Xt(-d 2 + tm 2 ) X ^ - \X°( - d 2 ) X » - c( - d 2 + em 2 )c - \<?( - d 2 )c° 

(2.2) 

C FP . 3 = - (mgX^cc + £m 5 Xf cc° - i0c0"(Ajc) + igcd^(A^c°) + ig^d^(A+c) + h.c. 

(2.3) 

The interactions with the ghost fields are not relevant to the calculations performed in this paper, but 
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are included for completeness. The propagators, on the other hand, are obviously quite important. 

-«(«-- -*(<r-^ 



(A%l)Al(l)) = — ^ p i (yl+(0.4-(/)> = v ;2 + 



i 



W(0*r(0> = <*?(0*?(0> = 7T 

<^M0> = < C -°(0 C °(0> = ^ (2-4) 

Traditionally, one-loop gauge theory computations have been performed in 't Hooft-Feynman 
gauge. It has been known, however, at least since the work of [3], that working in unitary gauge 
(£ — > oo) has significant practical advantages in theories without UV divergences, like N = 4. 
The reason for this is easily understood; in J\f = 4 on the Coulomb branch, one only has to 
compute the box diagrams that arise and keep the pieces of them which are pure scalar box, since 
everything else must cancel in the end 3 . If, for example, one wanted to compute the four Higgs 
(denoted X®X®X®X® hereafter) one-loop amplitude in 't Hooft-Feynman gauge, there would be 
eight independent box diagrams to evaluate, whereas in unitary gauge, there would only be three 4 . 

In other words, the fact that we have to perform relatively little integral reduction in the com- 
putation of one-loop four-point functions in N = 4, means that having fewer diagrams to evaluate 
benefits us more than having Feynman rules which are renormalizable by power-counting. The 
rest of the Lagrangian can be obtained in a straightforward (but tedious) way by making the shift 
X\ — ► X\ + (Xi) in Eqn. 1.1 and performing the traces over the 577(2) matrices. The many 
interaction terms obtained in this way are presented in Appendix B in a form where the Feynman 
rules can be read off. 

There is one somewhat counter-intuitive result that arises in carrying out this program. Let us 
consider the derivation of the propagators of the four Dirac fermions. Upon performing the shift 
X\ — > X\ + (Xi), we arrive at a fermion mass term — ig tx{^pialj[(Xi) , ipj]} from the Yukawa 
interaction of the 577(2) Majorana fields with X\. Expanding this out and adding in the Dirac 
fields' kinetic terms gives 

= -§i$<5>i - im(fi$ 2 - <h$i + <t>3$4 - <&4$3), (2-5) 
where we have introduced the notation 

^ + = h C = $i. (2.6) 

We can now diagonalize the mass matrix in flavor space via the unitary transformation 

(2.7) 





3 This has not conclusively been shown for all scattering amplitudes with more than six external legs in the conformal 
phase and is purely speculative for amplitudes in the Coulomb phase which include massive external states. 

technically, the ghost loop would be non-zero in this case also, since the coupling of X° to the charged ghosts carries 
an explicit factor of £. This, however, would not contribute a scalar box integral but only a momentum independent 
constant, which would play a role in the cancellation of the UV divergences if we explicitly kept track of them. 
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After making this change of variables, the quadratic Lagrange density for the Dirac fields reads 

C'w = - J ifai ~ m(}i$i - $ 2 ; 2 + Jsjs - 5454) , (2.8) 
which results in non-standard propagators for the $2 and $4 fields: 

*<<>•><<» 

<»w»w) = " <( P "^ ro) <*4(o;4(o> = - i( p -;^ ro) . <w) 

If we erroneously tried to give standard Dirac propagators to all four fields, we would be able to 
find, amongst other things, one-loop four-scalar scattering amplitudes which violate supersymme- 
try. This $ basis is a convenient one to use for perturbative calculations. 

3. One-Loop Four-Point Scattering Amplitudes 

Before attempting to calculate an amplitude with massive external states, we first rederive a 
known result in the massless sector[30] and two amplitudes related to it by known supersymmetric 
Ward identites[19, 28]. The work of [30] gives all independent one-loop helicity amplitudes for the 
(SM or minimal SUSY) process — > 7777. (It is convenient to consider all particles as outgoing, 
and we adopt this convention throughout.) This requires them to calculate the effect of a massive 
scalar loop, a massive fermion loop, and a massive vector loop. This is actually much more than we 
need to do the calculation in J\f = 4. The diagrammatic representations of the amplitudes discussed 
in this section are given in Appendix C. 

First of all, as discussed above, we may neglect all terms in the results of [30] which do not 
correspond to box integrals. Furthermore, two well-known supersymmetric Ward identities are 
M(ki, feg", feg", k'l) = and M.(k±, k£, k%, fej) = 0. It is easily seen by examining the proofs 
of these relations [22] or the explicit calculations in [31] that these relations hold independent of 
whether the particles running in the loops are massive. These SUSY relations immediately tell us 
that two of the independent one-loop A°^4°A°^4° amplitudes are identically zero to all orders in 
perturbation theory. It follows that M(kf, k 2 , k% , fcj ) is the only helicity amplitude which must 
be calculated. In adding up the box coefficients given in [30], it is important to remember that there 
are five scalar loops, four fermion loops, and one vector loop 5 . Adding up the pieces gives the final 
result 

M(k+, k+, fcg , K) = 8 5 V(4 4) ( S , t) + 4 4) ( S , u) + 4 4) (i, «)) , (3-D 
where we adopt the conventions 

s = (h + k 2 f t = (fci + h) 2 u = {k 1 + k 3 ) 2 (3.2) 

and the scalar box integrals I^\s,t), 7q 4 ^(s,u), and I^\t,u) are defined in Appendix A. To 
calculate the helicity amplitude we used the standard non-covariant basis for the polarization vec- 
tors, where one works in the center-of-mass frame and expresses all non-zero dot products of the 
polarization vectors with each other and the external momenta in terms of s, t, and u. 

5 See Appendix C for details. 
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To reproduce the result of Eqn. 3.1, we worked in unitary gauge, as explained in Section Two, 
and employed the Mathematica package FeynCalc 6 [32]. An interesting feature of the calculation 
is that the loop momentum polynomials explicitly cancel amongst the various components. In other 
words, for this particular calculation, the integral reduction of the box graphs is trivial if one adds 
up the components first. 

To illustrate this point, we give the loop momentum numerators of the (properly weighted) 
components which lead to the coefficient of Iq 4 \s, t): 

5 x N(0w scalar (fc+,fc+, A^, kl )j =160 1- e + {h)l • e + {k 2 )l ■ e~(k 3 )l ■ e _ (fc 4 ) (3-3) 

4 x N^M fermion (k+,k+, fcj , kl )j =32 si- e + (fci)Z • e + {k 2 ) + 32 s I ■ e~(k 3 )l ■ e - (fc 4 ) 

- 256 Z - e + {h)l • e + {k 2 )l ■ e-{k 3 )l ■ e~ (k 4 ) (3.4) 

N^M vectm (kf, fc+, k~, k-)^j = 8s 2 + 96 I ■ e + (h)l ■ e + (k 2 )l ■ e~(k 3 )l ■ e~(k 4 ) 

-32 si- e + {ki)l ■ e + (k 2 ) - 32 s I • e~ (k 3 )l • e"(fc 4 ). (3.5) 

Adding up Eqns. 3.3-3.5 gives 8s 2 , which immediately lets us read off the lQ 4 \s,t) contribution 
to Eqn. 13 above. This additional cancellation structure between the numerator loop momentum 
polynomials of diagrams with different internal structure is related to the fact that the external 
states are gauge fields. This can be understood by thinking about the calculation in background 
field gauge [3]. 

In fact, the same cancellation structure observed above is present also in the case of the 
A^A^X^X® amplitude 7 . Note that, in this case, there is a supersymmetric Ward identity which 
sets the amplitudes with identical helicities to zero. For the non-zero helicity configurations, we 
find 

M(k+,k 2 ) =M(k^,k+) =8g 4 tu(l^ ) (s,t)+I^ ) (s,u)+I^ ) {t,u)). (3.6) 



An interesting point is the following. Suppose we took the result for the ampli- 
tude and tried to use supersymmetric Ward identities to predict the answer for the A^A^X^X® 
amplitude. The prediction of the supersymmetric Ward identities in the conformal phase must be 
identical to that considered here, since the identities are independent of color and the difference 
between the two calculations shows up only in the basis of integrals, not in the coefficients. In 
other words, it should be possible to show using only N = 4 supersymmetry that 

M(k+,k+, fc 3 - ,kZ) = ^M(k+, k~ ) (3.7) 

It is clear from the M = 4 supersymmetry that there must be some proportionality between 
the two amplitudes. To find the proportionality constant, it is enough to consider the usual leading- 
color tree amplitudes in unbroken N = 4, due to the color-independent and non-perturbative nature 

6 FeynCalc is a framework for performing perturbative calculations in gauge theories. 

7 It should be stressed that we choose Xj? for concreteness. As will be discussed below, the M = 4 supersymmetry 
of the model demands that, alternatively, we could have replaced X? with any of {X°, X° , Y°, Y§ , Y§} and arrived at 
the result of Eqn. 3.6. 
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of the supersymmetric Ward identites. The leading-color tree amplitude for four gluon scattering is 

A(k+, k+, k 3 ,k-) = (1;2)(2; ( 3^3 )4)(4)1) (3-8) 
and the leading-color tree amplitude for two gluon two scalar scattering is 

^ 1 ' A;2) -(1,2)(2,3)(3,4)(4,1)- (3 " 9) 



The ratio of these two trees is 



A(kf,kt,k^,k^) _ (3,4)^ 



s 



2 



C— , (3.10) 



A(k+,k 2 ) (2,3)2(2,4)2 t u' 

where C is an unimportant overall phase. 

This analysis illustrates that any other four-point amplitude in the massless sector of our model 
must have mass-independent coefficients, since exactly the same structures would appear if we 
were in the conformal phase of the theory and we have already seen that the loop integral coeffi- 
cients of Ai(kf, k 2 , k^ , fcj) and M(kf, k 2 ) have no dependence on m. This is a direct conse- 
quence of the fact that the supersymmetric Ward identities are the same in both cases, independent 
of whether the particles running in the loops acquire mass. 

Before leaving the massless sector, we calculate the one-loop X 2 X 2 X 2 X 2 amplitude and 
find a result that disagrees with that of [25]. As before, an analysis based on the supersymmetric 
Ward identities predicts a unique answer for the four scalar amplitude as a rational function of 
s, t, and u times the four photon amplitude. In other words, supersymmetry tells us we could 
equally well choose to compute the amplitude with four of any of the other massless scalars, 
{X®, X®, Y®, Y 2 , Y3 }, since, in the supersymmetric Ward identity argument, the flavor of the 
scalar being scattered was irrelevant. 

We now address a point which was glossed over in the previous calculation. Since 
{X$,X$,Y?,Y 2 °,Yg} transform as a 5 of the manifest SO {5) R-symmetry, the X$X$X$X$, 
X3X3X3X3 , or any of the Y^Y^Y^Y^ amplitudes look exactly the same gauge-invariant compo- 
nent by gauge-invariant component 8 . What we mean is that the sum of the graphs with fermionic 
loops will be the same for each field in the R-symmetry multiplet and the sum of the graphs with 
bosonic loops will be the same for each field in the R-symmetry multiplet. 

On the other hand, it is not entirely clear from the outset how the X^X^X^X^ amplitude 
works out to be identical with the other massless scalar four-point amplitudes. The difficulty is that 
X® is a singlet of 50(5) and its interactions are rather different than those of the other massless 
scalars. To clarify this, we give the gauge-invariant components for both situations and show that 
they lead to the same result. We find 

^Boseloops = 8 ^ (a 2 + t2)J (4) (S)i) + g5 4 (a 2 + U 2 }/ (4) (S)U) 

+ 8g\t 2 + v?)4 4) (t,u) (3.11) 
Mf™ loops = 8g 4 stl^ (a, t) + 8,7 (a, u) + SgHuI^ (t, u) (3.12) 



8 It is, however, instructive to compare the fermionic loop graphs with external scalars to those with pseudo-scalars 
using the Lagrange density given in Appendix B. 
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for the case of the X%X%X%X%, X$X$X$X$, or any of the Y®Y®Y®Y® amplitudes and 

^Bose loops = 85 4 (s 2 + f + 32 m 4 )I^(s,t) + 8g 4 (s 2 + u 2 + 32m 4 )/J 4) (s, u) 

+ 8 5 4 (t 2 + u 2 + 32m 4 )4 4) (t,u) (3.13) 
^Fermi loops = %4( ^ _ 32m 4 )I^(s,t) + 8g A (su - 32m 4 )I^ (s, u) 

+ 8 5 4 (tn-32m 4 )4 4) (t,u) (3.14) 

for the XfX^X^X^ amplitude. In either case, summing the contributions and using the kine- 
matic relation s + t + u = gives Eqn. 3.15 below. Although the individual components of the 
X^X^X^X^ amplitude calculation had non-trivial mass dependence, this dependence cancels out 
in the final result, as we argued it must for all amplitudes in the massless sector of the theory. We 
find that Eqn. 4.9 of [25] should read 

M 4xX ° = 4g 4 (s 2 + t 2 + u 2 ) (4 4) (s,t) + 4 4) (s,u)+ 1^ (t, «)) . (3. 15) 

Finally, we compute an example of a one-loop scattering amplitude with massive external 
states. For simplicity, we study the X^X^X^ X^ amplitude. It took somewhat more effort to 
check this amplitude since all previous work has focused exclusively on the massless sector of the 
theory. We performed all calculations both in unitary and 't Hooft-Feynman gauge. This check, 
however, is not sensitive to problems originating from the fermionic box graphs. It was useful to 
also keep track of all triangle diagrams and explicitly show that no scalar triangle integrals appear 
in the final result. The FeynArts [33, 34] package (as an add-on for FeynCalc) was used to generate 
the Feynman diagrams. We find 

M x° 2 xo X +x; = 2g , {s 2 + {t + m 2 ? + {u + m 2 )2) (7(3)^^ t) + u) ) (3 16) 

where, as before, the scalar box integrals I^l md (s, *) an( * ^2 3 hard( s ' u ) we defined in Appendix A. 

It is remarkable that, apart from a factor of two, the X$X$X$X$ and the X\X%X^X 2 
amplitudes both have exactly the same coefficient structure. This can be easily seen by comparing 
the kinematics of the two cases. For X® X® ^2 ^2 

we have 

2k 3 -k 4 = s 2k 1 -k 3 = u 2k ± ■ k 4 = t (3.17) 

and for X^X^X^X^, provided we choose k\ = —m 2 , 
k\ = —m 2 , k 2 = 0, and k\ = 0, we have 

2k 3 -k 4 = s 2k 1 -k 3 = u + m 2 2ki-k 4 = t + m 2 . (3.18) 

Upon examining the form of Eqns. 3.15 and 3.16, we see that the scattering amplitudes for 
these two processes are very similar. The fact that Eqns. 3.15 and 3.16 are so similar suggests 
that the technical complications arising from the inclusion of massive external states in M = 4 
scattering amplitudes are not a serious issue and that a systematic analysis of our model's S-matrix 
should be straightforward to carry out. 
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4. Summary and Future Directions 

In this paper, we calculated a number of one-loop four-point scattering amplitudes in the 
Coulomb phase of M = 4 super Yang-Mills theory, both in the massless and massive sectors of 
the theory. Specifically, we studied the four photon (AP A®A° p A Q a ), two photon two massless scalar 
(APA^X® X®), four massless scalar (X^X^X^X®), and two massless scalar two massive scalar 
(X^X^X^X^) amplitudes. The results are all interesting and extremely simple, but most strik- 
ing is the similarity between the amplitudes for X^X^X^X® and X^X^X^X^. The complete 
Lagrange density of the model is given in Appendix B. The expressions given there should be ex- 
tremely useful if one wishes to perform more involved calculations (e.g. higher point or higher 
loop) in the model. 

The primary motivation for this work was the surprising fact that M = 4 scattering amplitudes 
with massive external states appear to have been completely neglected, in stark contrast to their 
massless counterparts. The SU (2) — ► U (1) model presented here should be useful for the testing 
and development of supersymmetric Ward identities in the massive sector of the model, continuing 
in the spirit of [28]. 

It may turn out that the massless sector of this SU(2) — > U(l) M = 4 model actually has more 
to offer, despite already being fairly well-understood. In their recent paper [27], Alday and Mal- 
dacena introduce an infrared regulator for their one-loop four gluon scattering amplitude at strong 
coupling which amounts to considering an SU(N) — > U (l)^ -1 generalization of our model. The 
idea is that, when one goes to a generic point in the moduli space, the propagator denominators will 
be shifted as (I — ki) 2 — ► (I — ki) 2 + m 2 , eliminating the need for any dimensional regularization 
in the loop integrals. They argue that the color ordering of the planar SU(N) four gluon amplitude 
is preserved when the gauge group is broken to [/(l)-^ -1 . 

In fact, the four photon amplitude studied in this paper is just the weak-coupling analog of 
the planar four gluon amplitude Alday and Maldacena calculated at strong coupling. It is easy to 
see that, if we kept only planar box graphs in the calculation of our four photon amplitude 9 , we 
would find, apart from constants, the same expression derived for ordinary M = 4 in [3], but in 
the (I — ki) 2 — ► (I — ki) 2 + m 2 regularization scheme described above, rather than dimensional 
regularization. It would be an interesting exercise to iterate the photon scattering amplitude to 
higher loop order, and attempt to compare the weak and strong coupling results for N = 4 four 
gluon scattering in this alternative IR regularization scheme. It would also be useful to check that 
other known iterative weak-coupling relations (see e.g. [35, 36]) hold in this alternative scheme as 
well. 



9 The planar graphs are those which contribute to the coefficient of 7g 4 ' (s, t) 
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A. Scalar Box Integrals 

In this appendix we define the scalar box integrals which arise in our one-loop calculations. 
All the Feynman integrals carry a superscript which specifies the number of internal lines which 
have mass m and a subscript which specifies the number of massive external legs 10 . We begin with 
the four internal mass, zero external mass box integrals, lQ 4 \s,t), Iq 4 \s,u), and I^\t, u). In 
what follows, we only discuss Iq 4 \s, t). The other two master integrals are easily derived through 
crossing symmetry relations. 

/(% t) = [ JlI i 

V ' ' J (2vr) 4 (P + m 2 ) ((I - h) 2 + m 2 ) ((I - h - k 2 ) 2 + m 2 ) ((I + k 4 ) 2 + m 2 ) ' 

(A.l) 

where k\ = k\ = k 2 = k\ = 0. The labels (s,u), (s,i), and (t,u) are, obviously, somewhat 
arbitrary. What we mean here is that the above box integrals have the following standard Feynman 
parametrization: 

4 4) M) =l^vJ l dx Cdy Cdz j, (A.2) 

J ( 27r ) Jo Jo Jo (/' 2 + sxz + ty{l - x -y - z) + m 2 ) 

where /' is a shifted loop momentum variable. In the above, 

I = I' + (k\y + (k\ + k 2 )z — k 4 (\ — x — y — z)). The explicit forms of this master integral can be 
deduced from the expression found in Appendix A of [31]. 

We now turn to the integrals, 1^ d (s,i) and 1^ d (s,u), which show up in the calculation 
of the X^ 2 XtX- scattering amplitude. Again, we only deal with ^(s, t), as lfl A {s, u) is 
easily obtained by crossing. In this case, we employ dimensional regularization, since only three 
of the internal lines are massive and we therefore expect IR divergences. We have 



f(3) {s t) = f 1^1 I 

2 hardV > J J (2vr )4-2e ^ + ^ y _ ^2 ^ _ ^ _ + ^ ^ + + ^ 



where, as in Section Three, k\ = — m 2 , k\ = —m 2 , and k 2 = k\ = 0. The explicit form of these 
master integrals follow from the result given in Appendix A of [37]. 



B. The Lagrange Density 

In this appendix we present the complete form of our model's Lagrange density. We do not derive 
the Feynman rules, since FeynArts does this when given the Lagrange density as an input and C is 
in any case a more basic object. We begin with the quadratic terms first discussed in Section Two, 

Cfp-,2 = ~\ A l{- 9^d 2 + d^d" (l - -\ ) Al - A+ ( - g^d 2 + d»d v (l - 7) + m 2 <T ) A~ 

- X+ ( - <9 2 + ^m 2 ) Xf - - d 2 ) X » - c( - d 2 + em 2 )c - ±c*( - d 2 )c° 

(B.l) 

10 For the subscripts, we follow the standard nomenclature outlined in [15]; the label "2 hard" means that the process 
under consideration has its two massive external states adjacent, as opposed to being seperated on either side by a 
massless external state. That situation would be labeled "2 easy." 
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and all other pieces of the Lagrange density needed to determine the propagators of the fields: 



£>W = -flHi - - - } 2 J 2 + f 3^3 - $454) (B.2) 

C xx = - 3 2 )x 2 ° - X+( - + rr?)x 2 - \x«(- d 2 )x 3 ° 

- x+ ( - d 2 + m 2 ) x 3 - - iy ? ° ( - a 2 ) y g ° - y + ( - a 2 + m 2 ) y- . (B.3) 



Next, we list all the cubic interaction terms in the purely bosonic sector present after sponta- 
neous symmetry breaking and Faddeev-Popov gauge-fixing: 



£ FP . 3 = -^mgX^cc + £mgX{cc° - i^c9^(Ajc) + igcd^(A- C °) + ig#d^(A+c) + h.c. 

(B.4) 

C xAA = mgX+A°A- + mgX^A°A + * - 2mgXfA+A- " (B.5) 

+ igA+(x%d»x; - x-d»x° p ) + ^+(y ? °^y- - y-^y ? °) 

+ - X+^X") + igAl {Y-d»Y+ - y+^y-) (B.6) 

Caaa = igd^At{A° *A~ v - A v A~ ") + M~ " - A+ »A~ u ) 

+ igd^A- (A U A+ " - A M + u ) (B.7) 

£xxx = -mgXlX+X- - mgX^Y+Yf + rngX+X^X' + mgX+Y q Y q - + h.c. (B.8) 



Note that the sum over p' in Eqn. B.8 excludes 1. The remaining three-point interactions involve 
the Fermionic fields: 



- -2=A" (J 37^3 + ifaW" - §47^3 + i^WS) + h-c. (B.9) 
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f 9 v0 

x<H> ~ 



fx? ($!$! - $ 2 $2 + $3$3 " $4$ 4 ) " -7=^1" " $1^2 + **2^1 + ^2) 

- -j=Xf (if 3 ^3 " f 3^4 + *?4^§ + ?4^2) + ^2°(}l?4 " } 2 J 3 ) 

- -^X 2 - (if ^ + f ^ + if 2^ - § 2 y,°) + -^X 2 - (zfaV'? + f 3^2° + i?4^1 " f 4^2°) 
+ i<?X°(f !$ 4 + ^Js) + -j=* 3 ~ (f 1^ - if lY>4 " f 2^3 " *f 2^°) 

- -^X 3 -(§ 3 ^? " if 3^2 " ?4^1 " if 4^) + f ^I°(f I7 5 jl " f 27^2 " f 37 5 ; 3 + f 4 7 5 <i>4) 

- -^Yf (*irty? + **17V° + *2tVi " ^27 5 ^ 2 ) 

+ -j=Yf (537V3 + if 37^4 + f47 5 V>3 - if 47 5 ^°) + ^ (f i7 5 5s - f 27^4) 

- -j=Y 2 (f l7 5 </, 3 ° + if ^ + f 27 5 Y>3° - if 27^4°) 

- -j=Y 2 - (f 37V? + if 37V2 + f 47 5 ^? - if 47V2) + ^(f i7 5 5s + f 27^4) 
+ -j=Yf(if l7 5 y>° - f i7 5 ^ " if 27 5 ^3° " f 27^4) 

- -£=Yf (i$37 5 Y>? " ^37^2 " i^47 5 ^? - ^47^2) + h-c (B. 10) 
V2 ~ 



Finally, we list the four-point interactions: 



Caaaa =g 2 AlA° u A- "A+ " - 5 2 ^°A° M;A+ " + " - y -A-A~A+ »A + " 

(B.H) 



£ xx ^ = y -X+X+ p A-A- » + " - g 2 X p X+A^A° " + g^X+X^A' * 

+ g 2 x-x p A°A + " - 5 2 x°x p °a;^ + " - 5 2 x+xr ArA+ " 

^Y+Y+A-A- " + ^Y q -Y~A+A + " - g 2 Y-y q + K A " " + 2 n +y M A ~ M 

+ ^y-ijAjA+ " - ff 2 y g °y 9 °A M a+ ^ - ^y+y-A-A+ " (B.12) 
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Z,fc=l; i<fe ^ 

+ g 2 X-X°XlX+ - g 2 X? 2 X+X k ~ - g 2 X r X+X k X+ + %7 2 + 

Y Y i~ 2y k 2 - fYfY+Y* 2 + «7 2 y+Y/Y fc r- + g 2 Y l -Y l °Y k °Y k + - g 2 Y? 2 Y k + Y k ~ 

- g 2 YfY l + Y k Y k + \ + £ 2 Y k 2 + 9 ^X- 2 Y+ 2 - g 2 XfX+Y° 2 

' l,k=l V 

+ g 2 X+X?Y k °Y- + g 2 X~X?Y»Y k + - g 2 Xf 2 Y+Y k - g 2 X~X+Y k Y^ (B.13) 

C. Diagrammatic Representations of the Scattering Amplitudes 

In this appendix, we give the Feynman diagrams for each one-loop scattering amplitude 
computed in Section Three. The program JaxoDraw [38] was used to draw the figures. Throughout 
we give only the graphs that contribute to (s, t) scalar box integrals, since those which contribute 
to the other channels are very similar. In what follows p' runs over {2,3}, q runs over {1,2,3}, and 
i runs over {1, 2, 3, 4}. In the massless sector, we omit charge conjugate graphs (graphs with all 
internal arrows reversed) for brevity. In calculating the amplitudes, one must simply remember to 
multiply the given diagrams by two. We also neglect Goldstone loops, since it is easy to recover the 
diagrammatic expansion in a general gauge once it is known in unitary gauge. All one needs to 
do is consider all possible ways in which internal lines could be replaced by Goldstone fields, 
Xf. 
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